Abstract. Let G = F q β be the semidirect product of the additive group of the field of q = p n elements and the cyclic group of order d generated by the invertible linear transformation β defined by multiplication by a power of a primitive root of F q . We study endomorphisms of G. We find an arithmetic condition on d so that every endomorphism is determined by its values on (1, 1) and (0, β). When that is the case, we determine the fixed point free endomorphisms that are abelian (i.e. factor through an abelian quotient of G) and the fixed point free automorphisms of G. If d equals the odd part of q − 1 then we count the fixed point free automorphisms of G-such exist if and only if p is a Fermat prime.
Introduction
Let p be an odd prime, q = p One sees easily that G has trivial center.
We are interested in determining the fixed point free endomorphisms of G.
In addition to the intrinsic interest in finding endomorphisms of G, such endomorphisms are of interest in Galois theory. In 1968, Chase and Sweedler [CS68] introduced the notion of Hopf Galois extension, and in 1987 Greither and Pareigis [GP87] observed that a given Galois
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extension of fields may have many Hopf Galois structures, and showed that the number of Hopf Galois structures on a Galois extension with Galois group G depends only on the group G. Since that time, a number of papers have studied Hopf Galois structures-see [Ch00] , Chapter 2 for a survey of results from the last century. In [CCo06] we showed that each fixed point free endomorphism of G gives rise to one or two Hopf Galois structures on L|K, depending on whether the endomorphism is or is not an automorphism. In [Ch09] we obtained abelian fixed point free endomorphisms of a group that is the semidirect product of an elementary abelian p-group A, p odd, and a cyclic group of automorphisms of A of order prime to p. The groups G of this paper are special cases of those groups.
The main focus in this paper is to determine the fixed point free automorphisms of G. As examples, we show that if (p n −1)/b is even, then G has no fixed point free automorphisms. If b = 2 e , the highest power of 2 dividing p n − 1, then there are no fixed point free automorphisms unless p = 2 2 f − 1 is a Fermat prime, in which case we determine all such automorphisms.
To simplify the analysis of endomorphisms of the groups G of interest, we first observe: Since e is the greatest common divisor of b and q − 1, we have b = k e and e = bl + (q − 1)v for some integers k , l , v. Then k l ≡ 1 (mod q − 1/e). Lift k to a unit k modulo q − 1 and let l be the inverse of k modulo q − 1. Define a map α from G to H by
Then, since x, y have order q −1, α is a bijection with inverse α
(0, γ) = (0, β). We check that α is a homomorphism:
Thus y he = y lbh and so α is an isomorphism of groups.
Thus we shall assume throughout the rest of the paper that G = (F q , +) β , the semidirect product of the additive group of F q and the cyclic group generated by β, where β acts on Since
and so any endomorphism ψ of G is determined by its values on those generators. Thus we may describe ψ by:
for some elements y 0 , y 1 , . . . in F q , and by h in F q and s ≡ 0 (mod d). In particular, ψ restricts to an endomorphism (F p -linear transformation) of A which we can also denote by ψ.
In this section we find conditions so that ψ is determined on A by the single parameter y 0 .
For a start, we have: Proof. We have 
).
So either y r = 0 for all r, or g(x Proof. The assumption on y k implies that s is a power of p, by Proposition 3.
We prove that for each
Split it up into even and odd powers of X,
We assume that y r+2 j+1 b k = y r x 2 j+1 b ks . Since s is a power of p, the first sum becomes
Similarly, the second sum becomes
since s is a power of p. Thus, are linearly independent over F p , hence an F p -basis of F q . Thus for each k we may write 
Abelian fixed point free endomorphisms
An endomorphism ψ of a group G is abelian if for all σ, τ in G, ψ(στ ) = ψ(τ σ), and fixed point free if the identity element of G is the only σ in G for which ψ(σ) = σ. σ = . An endomorphism is abelian iff it is trivial on the commutator subgroup, hence factors through an abelian quotient group.
Assume as before that G = (F q , +) β where β acts on We determine the abelian fixed point free endomorphisms of G. Let ψ be an endomorphism of G. The assumption on a implies that ψ on F q is uniquely determined by y 0 , where ψ(1, 1) = (y 0 , 1). If y 0 = 0, then ψ is one-to-one on F q , hence by Proposition 4 is an automorphism of G, hence cannot be abelian. If y 0 = 0, then ψ is trivial on F q , hence factors through G/F q , a cyclic quotient group, and so ψ is abelian.
Suppose ψ is a non-trivial abelian endomorphism of G. Then ψ is determined by ψ(0, β) = (h, β s ) for some h in F q and some s ≡ 0 (mod q − 1). − 1 for all m < n, so that every endomorphism of G is uniquely determined on F q by the image of (1, 1).
Proposition 9. With G, ψ as just described, ψ has no fixed point iff
We want to determine which automorphisms ψ are fixed point free.
Theorem 12. Let ψ be an automorphism of
Proof. First we seek a fixed point of the form
This is equivalent to 
so we have
Thus the equation
This is solvable if
is a linearly independent set, hence a basis of F q = F n p . Combining the two cases shows that under the hypotheses, ψ has a fixed point. We find a so that
are linearly dependent. So we seek elements c 0 , c 1 , c 2 in F 3 so that
From this equation we have
We have s = 3 or 9, so since x has order 26, there is a solution iff a is a multiple of (1 − s, 26) = 2. Hence ψ has a fixed point iff a is even.
Thus for each choice of s, ψ has a fixed point for 13 choices of a. Thus there are 13 fixed point free automorphisms ψ with ψ(0, β) = (h, β s ) for each s and each h in F 27 .
We generalize this example. Let p be an odd prime, and let p n − 1 = 2 en q n with q n odd. , 1) , that is, is a fixed point of ψ restricted to F q .
We look for x . Then (7 r − 1, d) = 1 iff r is coprime to 15, so ψ is fixed point free for every triple (r, h, a 0 ) where r is coprime to 15, h is unrestricted, and a 0 is not divisible by 6 = 7 while for p = 3 and n even, the number of fixed point free automorEach fixed point free automorphism of G yields a distinct Hopf Galois structure on a Galois extension L|K with Galois group G, by [CCo06] , Theorem 4.6.
